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Abstract. We classify the thick subcategories of an algebraic triangulated 
standard category with finitely many indecomposable objects. 



1. Introduction 

A full subcategory S of a triangulated category T is called thick if it is a triangu- 
lated subcategory of T which is in addition closed under taking direct summands. 

A classification of thick subcategories can be used to gain structural information 
about the ambient triangulated category. 

The classification problem was approached in various mathematical fields as in 
stable homotopy theory, in commutative algebra and in the representation theory 
of finite groups. The first work was done by Hopkins and Smith concerning the 
p- local finite stable homotopy category [T7] . Hopkins [TB] and Neeman [35] studied 
the concept for the category of perfect complexes T> pcr (R) of a noetherian ring R. 
They showed that the thick subcategories of T> pcr (R) correspond to specialization 
closed subsets of the prime ideal spectrum of R. Benson, Carlson and Rickard [6 
classified the thick subcategories of the stable module category of the group algebra 
kG for a p-group G in terms of closed subvarietes of the maximal ideal spectrum 
of the group cohomology ring. 

The triangulated categories of our interest are algebraic triangulated categories. 
A triangulated category is called algebraic if it is triangle equivalent to the stable 
category of a Frobenius category. An example for such a category is the stable 
module category rnod(A) of a self-injective fc-algebra A where k is a field. For 
instance, the group algebra kG for a finite group G is self-injective. 

We concentrate on algebraic triangulated categories which have only finitely 
many objects and which are standard, i.e. the category is equivalent to the mesh 
category of its Auslandcr-Rcitcn quiver. For technical reasons we also assume 
connectivity. 

The structure of these categories is well understood by work of Amiot pQ. In fact, 
they are triangle equivalent to the orbit category of the bounded derived category 
2? b (mod(fcA)) of a path algebra of a quiver of Dynkin type A with respect to a 
specific group of automorphisms of 2? b (mod(fcA)). From this we define the type of 
an algebraic triangulated category to be (A, r, t) where r, t depend on the group of 
automorphisms . 

Moreover, Ingalls and Thomas [18] give a combinatorial classification of exact 
abelian extension-closed subcategories of the abelian category mod(fcA) in terms 
of noncrossing partitions associated to A. 

The poset NC^ of noncrossing partitions associated to A consists of certain 
elements of the Coxeter group associated to A. For the Dynkin types A and D there 
is an alternative description NC A (n) [21] and NC D (n) [5] of this poset induced by 
the hyperplane arrangement of the corresponding root system. NC^(n) corresponds 
to the original definition of noncrossing partitions due to Kreweras [5T] . 

l 
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In this paper, we connect the triangulated and the abelian world and we use 
the given classification in terms of noncrossing partitions for the classification of 
the thick subcategories of algebraic triangulated categories. This leads to the main 
result of this paper. 

Theorem 1.1. LetT be a finite triangulated category which is connected, algebraic 
and standard of type (A, r, t) excluding the cases (D n , r, 2) for n even and (-D4, r, 3). 
Put s = gcd(h/\ 7 p) where p is a natural number depending on the type of T and h& 
is the Coxeter number. Then, there is a bijective correspondence between 

• the thick subcategories of T, and 

• elements o/NC^ which are invariant under s-fold conjugation by the Cox- 
eter element. 

Additionally, we formulate this result on the level of the alternative definition of 
noncrossing partitions NC A (n) and NC fl (n). This consideration is combinatorial 
and we use it to determine the number of thick subcategories in these cases. 

For the two excluded types of the theorem it is not possible to describe the effect 
of the action of the group of automorphisms of 2? b (mod(fcA)) in NC^. Hence, 
we classify the type (£>4,r, 3) by hand. The remaining type (D n ,r,t) for n even 
is covered by the classification in terms of certain invariant elements of NC D (n) 
mentioned above. 

The paper is organised as follows. First we discuss the structure of finite alge- 
braic triangulated categories. Then we introduce noncrossing partitions and explain 
the classification of exact abelian extension-closed subcategories. The subsequent 
section connects the two concepts and contains the main result. Afterwards, we 
analyse more closely the cases A and D. An overview at the end helps to get along 
with the classification of the different types. At the end, we mention an applica- 
tion of the used method to the classification of thick subcategories of other orbit 
categories, namely cluster categories. 

Finally, a word on notation. If A is a quiver, we denote by A its underlying 
graph. If the object does not depend on the orientation, we will just write A 
as for the repetition ZA of the quiver or for the Coxeter number h&. Note that 
the classification of thick subcategories in terms of NC^ requires the choice of an 

orientation A. But this is not a problem since we are free to choose any orientation. 

Throughout this paper, let k be an algebraically closed field, algebras are finite- 
dimensional fc-algebras, and by mod(A) we mean the category of finite-dimensional 
left ^4-modules. All categories are /c-linear and have finite-dimensional Horn- and 
Ext-spaces. 

2. The structure of finite algebraic triangulated categories 

Definition 2.1. A triangulated category T is locally finite if for each indecompos- 
able X of T there are at most finitely many isomorphism classes of indecomposables 
Y such that Hom.f(X, Y) ^ 0. If there are only finitely many indecomposable ob- 
jects at all the category is called finite. 

The structure of a locally finite triangulated category is classified via the shape 
of its Auslander-Reiten quiver. In order to describe this shape, we recall some 
definitions and notations concerning translation quivers and automorphism groups 
of quivers. 

Let A = (Ao, Ai, s, t) be a quiver. For a vertex x € Ao we denote by x + the set 
of direct successors of x and by x~ the set of direct predecessors of x. 

Definition 2.2. Let A be a quiver. The repetition of A [25] is the translation 
quiver ZA = ZA defined as follows. The vertices of ZA are the pairs (i,x) with 
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i£Z and x 6 Ao- To each arrow a : x — > y in A and each i e Z there is an arrow 
(i,a): (i,x) — > (i,y) and an arrow o~(i,a): (i — l,y)—> (i,x). The translation r is 
defined on (ZA)o via r(i, x) = (i — 1, a;). The repetitive quiver does not depend on 
the orientation of A. 

Definition 2.3. A group of automorphisms G of a quiver A is said to be admissible 
[2"5] if no orbit of G intersects a set of the form {x} U x + or {x} U x~ in more than 
one point. It is said to be weakly admissible [13) if, for each g G G\{1} and for each 
x G Ao we have x + D (gx) + = 0. Note that admissible implies weakly admissible. 

Theorem 2.4 (Amiot pQ). Let T be a Krull-Schmidt locally finite connected tri- 
angulated category. Then, the Auslander-Reiten quiver Tj- of T is isomorphic to 
ZA/<I> where A is Dynkin of type A,D or E and $ is a weakly admissible group of 
automorphisms o/ZA. The underlying graph A is unique up to isomorphism, and 
the group $ is unique up to conjugacy. □ 

This generalises Riedtmann's theorem [25] which says that the stable Auslander- 
Reiten quiver of a representation- finite algebra is isomorphic to ZA/$ where A is 
Dynkin and <f> is an admissible group of automorphisms. Riedtmann also gives a 
complete list of possible admissible groups of automorphisms of ZA. Amiot extends 
this list to a list of possible weakly admissible groups of automorphisms as follows. 

Theorem 2.5 (Amiot [T]). Let A be a Dynkin graph and let ^ be a non trivial 
weakly admissible group of automorphisms of ZA. This is a list of its possible 
generators. 

• A = A n with n odd: possible generators are t t and cj)T r with r > 1 where 
<p is the reflection at the 'central line ' of 7LA n which is given by the vertices 
{(i, I i € Z}. Here we take as a basis ofZA n the linearly oriented A n . 

• A = A n with n even: then possible generators are <j)T r with r > 1 where 

<t>iPi l) = (P + 1 - f - 1) n + 1 - <?)■ Here <j) 2 = t. 

• A = D n with n > 5: possible generators are t t and (f>T r with r > 1 
where 4> exchanges (i,n — 1) and (i,n) Vi G Z and fixes the other ver- 
tices of ZD„ . Here we take as a basis of ZD n the linearly oriented D n . 



n 




1 — >■ 2 — a >■ n - 3 — re - 2 

71- 1 

• A = Dt±: possible generators are t t and <jrr r with r > 1 and where <f> is 
either defined as for n > 5 or as follows. Again with the linearly oriented 
D 4 , 0((i,3)) = (£,4),<K(M)) = (i-l,l),^((i-l,l)) = (»,3) ond0((i,2)) = 
(i,2) Vi G Z. 

• A = i?6 ■' possible generators are T r and (f>r r with r > 1 and where (j) is the 
reflection at the central line of ZEq which is given by {(i,3), (i,4) | i G Z}. 
Here we assume the following orientation and numbering. 

4 

t 

1-* — 2^ — 3 — ^5 — ^6 

• A = Ei,E%: possible generators are r r with r > 1. □ 

Remark 2.6. The only weakly admissible group of automorphisms which is not 
admissible occurs for A n with n even and is generated by (p. 

Remark 2.7. If T is locally finite, but not finite, then the group $ of automorphisms 
is trivial. 
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Knowing the shape of the Auslander-Reiten quiver does not help us yet to study 
thick subcategories. We need to know the triangulated structure of T. 

Theorem 2.8 (Amiot pQ). IfT is a finite triangulated category which is connected, 
algebraic and standard, then there exists a Dynkin diagram A of type A, D or E 
and an auto- equivalence <£> of 2? b (mod(fcA)) such that T is triangle equivalent to 
the orbit category V b (mod(k A))/ □ 

Remark 2.9. Since T is standard and since by Happel |15j the category of inde- 
composable objects in 2? b (mod(fcA)) is equivalent to the mesh category fc(ZA), 
A and $ are those induced by A and the group of automorphisms coming from 
the Auslander-Reiten quiver of T. We denote the automorphism of 2? b (mod(fcA)) 
induced by the group of automorphisms $ of ZA by the same character $. 

Note that the construction of the orbit category requires an automorphism on 
T . A standard construction allows one to replace a category with auto-equivalence 
by a category with automorphism. 

Finally, one may ask the question whether each Dynkin type A and each weakly 
admissible group of automorphisms $ give rise to a locally-finite triangulated cat- 
egory with Auslander-Reiten quiver ZA/<fr. Xiao and Zhu 28 point out that this 
is actually true. Just take the orbit category 2? b (mod(fcA))/$. To show this one 
checks the assumptions in B. Keller's theorem on triangulated orbit categories [T9"] . 

However, it is not possible to realise each possible Auslander-Reiten quiver ZA/$ 
via the stable module category of a representation-finite self-injective algebra. Thus, 
the generalisation to an arbitrary algebraic triangulated category really leads to a 
greater class of categories. 

But which groups do occur in case of the stable module category of a repre- 
sentation-finite self-injective standard algebra A? H. Asashiba [5] classifies them as 
follows. 

Let A be a representation-finite self-injective standard algebra with stable Aus- 
lander-Reiten quiver s Ta — ZA/(0r r ). Here r is the translation on ZA and is 
an automorphism of order 1, 2 or 3 defined in 12.51 such that {(pT r ) is an admissible 
group of automorphisms of ZA. Define the type typ(A) = (T(A), /(A), £(A)) of A 
where T(A) = A is the tree class, /(A) = r/rriA is the frequency, t(A) is the order 
of cj> and iiia = ft,A — 1 where h& is the Coxeter number associated to A, i.e. the 
order of the Coxeter element. The type determines A up to stable equivalence (i.e. 
a triangle equivalence between the stable module categories). 

Theorem 2.10 (Asashiba 3 ). Let A, A' representation-finite self-injective alge- 
bras. 

(f ) If A is standard and A' is non-standard, then A and A' are not stably 
equivalent. 

(2) If both A and A' are standard, then A and A' are stably equivalent if and 
only i/typ(A) = typ(A'). 

(3) If both A and A' are non-standard, then A and A' are stably equivalent if 
and only z/typ(A) = typ(A'). □ 

Moreover, Asashiba gives a complete list of these types for standard algebras: 

Theorem 2.11 (Asashiba [5]). The set of types of standard representation- finite 
self-injective algebras is equal to the disjoint union of the following sets 

• {{A n ,s/n,l) \n,se N}; 

• {(A 2p+1 ,s,2)\p,seN}; 

• {(£>„, s,l) I «,s£N,n>4}; 

• {(Asm, s/3, 1) I m, s € N, m > 2, 3 \ s}; 
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• {(£>„, s, 2) | n,s e N,n > 4}; 

• {(,04,5,3) | s € N}; 

• {(£?„, 3,1) | n = 6,7,8, s <E N}; 

. 2) | s e N}. □ 

Following Asashiba's approach, we define the type of a finite connected triangu- 
lated category. 

Definition 2.12. Let T be a finite connected triangulated category with Auslander- 
Reiten quiver Tj- = ZA/$. As we have seen, $ is always generated by an element 
4>r r with r > 1 where <fi is an automorphism of order t = 1, 2, 3 or of infinite order 
(which only appears for A n with n even). Then we define the type of T to be 
typ(T) = (A,r,t) where f e {l,2,3,oo}. 

Note that the type does not depend on the orientation of A. 

Remark 2.13. Note that this definition is not the generalisation of the type of a 
representation-finite self-injective algebra since the second entry is different. E.g. if 
we have an algebra A with typ(A) = (A 5 , 2, 2), then the type of the corresponding 
triangulated category is given by typ( mod (A)) = (A 5 , 10, 2). 

The type of a finite connected triangulated category is contained in the disjoint 
union of the following sets. 

. {(A n ,r, 1) | ra,r e N}; 

• {{A 2n+1 ,r,2) | n,r e N}; 

• {(A 2n ,r, oo) | n,r e N}; 

• {(£>„, r,l) | n,r e N,n > 4}; 

• {(£>„, r, 2) n,reN,n>4}; 
. p4,r,3)|reM}; 

• {(£?„, r,l) | r e N,n = 6,7,8}; 
. r, 2) |reN}. 

3. Wide subcategories and noncrossing partitions 

An exact abelian extension-closed subcategory of an abelian category is called 
wide. Thomas and Ingalls classify the wide subcategories of mod(fcA) for A a 
Dynkin quiver in terms of noncrossing partitions. 

Definition 3.1. Let A be an abelian category. We call an object M € A ex- 
ceptional if it has no self-extensions. A sequence of objects Xi, . . . , X r in A is 
called exceptional if each A, is exceptional, and for i < j, Hom(X J -,A i ) = and 
Ext 1 (Xj,Xi) = 0. 

An exceptional sequence E\ , . . . , E r in a wide subcategory W C A is called 
complete if r equals the number of simples in W. 

Definition 3.2. Fix an acyclic finite quiver A. The Euler form on Ko(kA) = Z™ 
is defined by 

(dim(M),djm(AQ) = dim fe Hom(M, N) - dim fe Ext 1 (M, N). 

Let (— , — ) be the symmetrisation of this, i.e. (w, w) = (v, w) + (w, v) for v, w € Z". 
v = (vi, . . . ,v n ) G Z™ is called a positive root if (v,v) = 2 and Vj > for all 
1 < 3 < n. To any positive root v we associate a reflection s v : Z™ — > Z n by 

s„(w) = w — (w, 

The group of automorphisms of Z™ generated by these reflections is called the 
Coxeter group W = associated to A. 

For w e W let l(w) be the length of the shortest expression for w as a product 
of reflections. For u, v <E W we say that u < w if v = ut for a reflection t and 
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l(v) = l(u) + 1. We consider the transitive closure of this relation and denote the 
resulting partial order by <■ 

We may enumerate the vertices of A such that the sequence of simple repre- 
sentations Si , . . . , S n is exceptional. The product of the corresponding reflections 
cox(A) = si . . . s n is called Coxeter element of A. 

Finally, the noncrossing partitions associated to A are the elements of the set 

NC A = {w e W | id < w < cox(A)}. 

Remark 3.3. In case A = A n , A = B n and A = D n there is a visualisation of NC^ 
which justifies the name 'noncrossing' and which is very useful for our classification. 
We will discuss this in the sections [5] and El 

Now, we have the following combinatorial classification of wide subcategories. 

Theorem 3.4 (Ingalls/Thomas [15]). Let A be Dynkin. Let C = mod(fcA). There 
are bisections between the following objects 

• wide subcategories in C, 

• the noncrossing partitions associated to A. 

The bijection is given as follows. Let VV be a wide subcategory of mod(fcA). Take 
a complete exceptional sequence E±, . . . ,E r of ' W and map W to 

cox(W) = s El ■■■ s Er - 

For the complete exceptional sequence we may take the sequence of the simple objects 
of W in an appropriate order. The map cox is well defined, no matter which 
complete exceptional sequence we take. □ 

Remark 3.5. We may regard mod(fcA) as an exact category (in the sense of Quillcn 
[23"] ) and introduce the concept of a thick subcategory also for these categories. We 
say that a subcategory is thick provided it is closed under extensions, kernels of 
cpimorphisms, cokernels of monomorphisms and taking direct summands. For the 
module category of a hereditary algebra one can show that a subcategory is wide 
if and only if it is thick. (See for example [H]). 

4. Thick subcategories of finite algebraic triangulated categories 

Now, we want to connect the abelian with the triangulated world. The crucial 
link for this is given by Amiot's Theorem 12.81 mentioned above and a theorem by 
K. Briining. 

Theorem [2TH] yields a first correspondence. In order to classify the thick subcate- 
gories of an algebraic triangulated category which is triangle equivalent to an orbit 
category I? fc (mod(A;A))/$, we study the thick subcategories of the orbit category. 

Thus, it might be useful to consider the thick subcategories of the bounded 
derived category. This is done by K. Briining. 

Theorem 4.1 (Briining ,9 ). Let A be a hereditary abelian category. The assign- 
ments 

f:C^{H°C\CeC} andg:M^{CeV b (A) \ H n C £ M Vn e Z} 
induce mutually inverse bijections between 

• the class of thick subcategories of (the triangulated category) T> b (A), and 

• the class of wide subcategories in A. □ 

To complete our chain of correspondences, we finally have to understand the 
relationship between the thick subcategories of 2? b (mod(fcA)) and the thick sub- 
categories of the orbit category 2? h (mod(£;A))/<I>. Therefore, we have to study the 
triangulated structure of the orbit category. 
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Definition 4.2. Let T be an additive triangulated category, let F; T — > T be an 
automorphism and let (F) be the group of automorphisms generated by F. The 
orbit category T/F = T/{F) has the same objects as T and the morphisms X — > Y 
are in bijection to 

0Hom r (i,ry). 

The composition of morphisms is defined in a natural way (compare [TTj). 

The triangulated structure of this category is not at all obvious. It is not clear 
if we can endow it with a triangulated structure such that the canonical projection 
is a triangle functor. B. Keller gives a positive answer assuming some conditions 
on the triangulated category which are fulfilled by our orbit category. 

Theorem 4.3 (Keller |19j). Let TL be a connected hereditary abelian category ad- 
mitting a tilting object. Let T — V b (/H), let F: T — > T be an automorphism, and 
let S: T — > T be the suspension. Assume that the following hypotheses hold: 

• For each indecomposable UofH there are only finitely many integers i such 
that F i U lies in U. 

• There is an integer N > such that the (F) -orbit of each indecomposable 
ofT contains an object S n U for some < n < N and some indecomposable 
object UofH. 

Then, the orbit category T/F admits a triangulated structure such that the projec- 
tion T — > T/F is triangulated. 

We recall the idea of Keller's proof since we will need some aspects of it later on. 

Proof. The idea is that we embed the orbit category into a bigger category which 
is triangulated. Then, we extend a morphism in the orbit category to a triangle in 
the ambient category and show that the extension also lies in the orbit category. 

The ambient triangulated category is given by the derived category of a differ- 
ential graded category. For the basics about dg categories we refer to [20] . 

Fix a tilting object T of H and let A = End(T) be the endomorphism algebra. 
Then V b (mod(A)) is triangle equivalent to V b (H). Let A = C b lg (pro)(A)) be the 
dg category of bounded complexes of finitely generated projective A-modules. We 
assume that F is a standard equivalence, i.e. it is isomorphic to the derived tensor 
product by a complex of A-A-bimodules and this defines a dg functor F as well. 
Let B be the dg orbit category of A with respect to F. This yields 

V(Mod(A))=VA and H°B V b (mod(A)) / F. 

Now let M. be the triangulated subcategory of T>B generated by the representable 
functors B{— ,X) =: X for X € B. Embed the orbit category 

V b (mod(A))/F = H°B ^MCVB, X h> X. 

Consider the projection ir: A — ► B, the restriction 7r» : VB —> T>(Mod(A)) along 
7T and the left adjoint rr* : X>(Mod(A)) -> VB to 7T*. 

7r* restricts to the canonical projection V b (mod(A)) — > V b (mod(A)) / F . Hence, 
a morphism in V b (mod(A)) / F is of the form tt*X — > ir*Y where X,Y <E A and 
X = A(—,X). Extend this to a triangle in M. and apply 7r» to this triangle. We 
get a triangle 

ir*ir*(X) -> vr»7r*(f) -> tt*(E) -> Stt^tt*(X) 
in V(Mod(A)). For the elements of the triangle we have 

7r*7r*(!) = 7r*(B(-,7r(X))) = B{A-)MX)) = @A(F n -,X) = 0f"(i). 
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By the first assumption of the theorem these objects lie in T>(mod(A)) and so 
does ir*(E). Using this finiteness property together with the second assumption of 
the theorem, we can show that tt*(E) is a sum of finitely many (F) -orbits of shifted 
indecomposables Z\, . . . , Z m of T~L. The adjoint of the inclusion Z :— ®™ 1 Zi » 
it*{E) yields an isomorphism tt*(Z) = E where Z £ 2? f, (mod(A)). □ 

Theorem 4.4. Let % be a connected hereditary abelian category admitting a tilting 
object. Let T) b {T-L) — > T> b {Ti.) be an automorphism such that the hypotheses 
of Keller's theorem hold. Then, the canonical projection it: D b (H) — > T> b {T-L)/^> 
induces a bijective correspondence between 

• the thick ($) -invariant subcategories ofD b (H), and 

• the thick subcategories of T> b (H) j $ . 

Ln particular, this holds for % — mod(fcA) where A is a Dynkin quiver, and a group 
of automorphisms induced by a weakly admissible group ofZA. 

Proof. Let A = End(T) where T is the tilting object of H. 

Let S be a thick subcategory of 2? b (mod(A))/$. Then, tt^ 1 (S) is immediately 
seen to be thick in 2? & (mod(A)) since it is a triangle functor. 

Now let S be a thick ($)-invariant subcategory of 2? b (mod(A)). We want to 
show that 7r(6>) is thick in the orbit category. This direction is not that easy. As 
seen above it is not obvious how to lift a given triangle 

n(X) -» tt(Y) -» tt(Z) Stt(X) 

with 7r(X),7r(Y) £ n(S) in 2? f, (mod(A))/$ to a triangle X -> Y ->• Z -> SX in 
D°(mod(A)). But as in the proof of Keller's Theorem we may apply 7r» and obtain 
a triangle 

$ n (x) -> -> $ n (z) -> 50r(i) 

neZ neZ nGZ neZ 

in P(mod(A)). This yields a long exact sequence 

. . . _> ff p (0 $ n pQ) -> ff p (0 $ n (Y)) -> ff p (0 

nez nez nez 

_> ffp +1 (0$»(x)) -> ijp+ 1 (0$"(r)) _> ... 

neZ neZ 

in mod(A). Consider the terms of this sequence. 

# P (0 * n W) = ^°(5* p (0 $"(*))) = ff°(0 $™(S' p X)) 

nez nez nez 

= ff°(0 

|n|<r 

for some r 6 N large enough. We find this r because of the first assumption of 
Keller's Theorem. Since S is thick and ($)-invariant and X eS, H<r <f> n (S p X) 
lies in 5 for each p £ Z and therefore, H p ((§) neZ $ n (W)) lies in H°(S) for each 

pez. 

By Briining's Theorem 14. 11 H°(S) is a wide subcategory of mod(A). Hence, the 
cokernel of 

# p (0 -> # p (0 $ n (y)) 

nez nez 

as well as the kernel of 

ZP +1 (0 -> iF +1 (0 $ n (Y)) 

nez nez 
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lie in H°(S) for each p£Z. P p ((Bn6Z ® n {Z)) is an extension of these two objects 
and therefore, it is also an object of H°(S) for each p £ Z. 

Z is a direct summand of (J)„ gZ $™Z and hence, H P {Z) is a direct summand of 
_ff p (0nez for each p. Since H°(S) is closed under direct summands, we have 

that H P (Z) £ H°(S) Vp. Applying Briining's correspondence again, we conclude 
that Z £ S and thus tt(Z) £ n(S). □ 

The theorem raises the question: What are the ($)- invariant subcategories of 
2? b (mod(fcA)) or respectively, which noncrossing partitions are in bijection to them? 

Recall that we have a bijective correspondence between the thick subcategories of 
2? b (mod(fcA)) and the noncrossing partitions associated to A. This correspondence 
is given by the composition of the correspondences of Briining and Ingalls/Thomas, 
i.e. it is given by the map 

cox: {thick subcategories of X> b (mod(fcA))} NC A 

S i-> cox(<S n mod(fcA)). 

The translation r on ZA induces an automorphism of 2? b (mod(fcA)) which is 
given as follows. Since 2? b (mod(fcA)) = /C b (proj(fcA)), we can understand each 
element of 2? b (mod(fcA)) as its projective resolution 

P" £ /C b (proj(fcA)). 

Then, r(P*) = S^ 1 i , (P*) where v is the Nakayama functor (see [13] ). 

The following Proposition describes how r behaves on the noncrossing partitions. 

Proposition 4.5. Let S be a thick subcategory o/2? b (mod(fcA)). Then 

cox(r(<S)) = cox(A)cox(6>) cox(A) -1 

Proof. Let E\ , . . , , E r be a complete exceptional sequence of simple objects in the 
wide subcategory S n mod(fcA). We can reorder this sequence in such way that the 
possible projective modules lie at the end of the sequence: 

Ex,..., E S ^,E S = P(i s ), ...,E r = P{i r ). 

Just preserve the order within the projectives and the non-projectives, respectively. 
After that, we only have to take care that Hom(P, E) = and Ext 1 (P, E) = for 
P one of the projective modules and E one of the non-projective modules. The 
second equation is clear and the first one holds by Schur's lemma. 
We show that 

T(E l ),...,T(E a - l ) 1 I(i a ) i ... i I(i r ) 

is a complete exceptional sequence in t(<S) l~l mod(fcA). 

First of all, the sequence should really lie in r(S) n mod(fcA). Let E be one of 
the non-projective modules of the sequence. We may understand it as a complex 
concentrated in degree zero. Here, the r-action corresponds to the usual Auslander- 
Reiten translation in mod(fcA) and hence t{E) is the complex concentrated in 
degree zero with entry t(E) in degree zero. So t(E) £ t(S) n mod(fcA). 

Let P(i) be one of the projective modules of the sequence. Then, r(P(i)) = 
and r(P(i)) £ t(S). This is thick since r is a triangle equivalence on 
£> b (mod(fcA)) and hence = 5(r(P(i))) € t(S). Thus, £ t(S) D mod(fcA). 

Next, we have to check the exceptionality of the sequence. Using the fact that S, 
v and therefore also r = S~ x v are triangle equivalences on 2? b (mod(fcA)) = T> b (kA), 
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we get for i < j 

Ext 1 ^-),^)) = Kom vb{kK) (T(E 3 ),T(SE t )) - Hom^^P,-, SE t ) 
= Ext 1 (Ej,Ei) = 0. 

There are no non-zero morphisms from one of the injective objects I(i) to one of 
the objects r(Ej) since r(Ej) is not injective. Moreover, 

ExtVW,^)) = Uom^^im^TiE,)) S Hom^^S" 1 !®,^)) 
- Hom^^^r- 1 ^- 1 /^)),^-) = Hom^P^Py) = 0. 

And lastly, for fc < I 

Hom feA (/(i/), /(i fc )) £* Hom feA (P(i;),P(u)) = 0, 

and clearly, there are no non-trivial extensions between two injectives. 

So we have found an exceptional sequence of length r in t(S) D mod(fcA). Sup- 
pose it was not complete. Then, we could find r + 1 simple objects which build 
an exceptional sequence. As before we can show that this yields an exceptional se- 
quence Yi, . . . , Y r+ i in S H mod(/cA), a contradiction since E\, . . . , E r is complete. 

Now we know that cox(A) ( dim (M )) = dim (r(M)) for M G mod(fcA) indecom- 
posable not projective and coxf A) ( dim fP (i) ) ) = — dim(J(i)) (see for example [3]). 
Hence, 

s r(Ei) = cox(A)ss i cox(A) _1 and Sj/j) = cox(A)sp(j) cox(A) -1 . 
Altogether, we have 

cox(t(<S)) = s T (Bi) ■ • ■ Sr(B s _i)S/(i,) • ■ • s/ (ir ) = cox(A)cox(<S) cox(A) -1 . 

□ 

Recall that the automorphism $ of 2? b (mod(fcA)) is induced by a weakly ad- 
missible group of automorphisms of ZA generated by some 4>T r (compare Theorem 
12. 5[) . The previous Proposition controls the case where the order of </) equals 1, 
i.e. typ(T) = (A,r, 1), but does not help us in the cases where the order of <f> is 
> 1. Fortunately, in most cases one may express <f> in terms of r and the shift 
functor S. The following Proposition describes 5* in terms of r and the respective 
automorphism 4>. We conclude this from |14j and [7]. 

Proposition 4.6. Let A be a Dynkin graph, let h& = toa + 1 be the Coxeter 
number and let S: T> b (mod(kA)) — > 2? 6 (mod(fcA)) be the shift functor. 

(1) Let A be of the form A n (n > 3 odd), D n (n odd) or Eq, then S is isomorphic 
to tjyr~ . Here 4> is the automorphism o/2? b (mod(fcA)) of order 2 induced 
by the automorphism (f> of Z A defined in Theorem \2.5\ 

(2) Let A be of the form A\, D n (n even), Ej or E%, then S = t~^~ . 

(3) Let A be of the form A n (n even), then S = cfir - ^ where <f> is the automor- 
phism of infinite order discussed in Theorem \2.5\ 

In particular, in all cases S 2 = t A . □ 

Before we apply this to the classification, we insert one Proposition which sim- 
plifies later calculations. 

Proposition 4.7. (1) Let s :— gcd(ft-A,p) with p G N. Then, a thick subcate- 
gory S o/2? b (mod(fcA)) is (t p ) -invariant if and only if it is (t s ) -invariant. 
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(2) Let s := rmodh A with r e N and let (j>: T> b (mod(kA)) -> £> b (mod(fcA)) 
be an automorphism. A thick subcategory S of 2? b (mod(/cA)) is (4>T r )- 
invariant if and only if it is (4>t s ) -invariant. 

Proof. Let gcd(/iA,p) = s. Then, there are m, n € Z with s = mh& + np. Let 
S be a thick subcategory of 2? b (mod(/cA)) which is (r p )-invariant. Let 1^0 
be indecomposable in iS. Then, by Proposition 14.61 

X = t°(X) = T -™h±-"-P+s(X) = T- np {S- 2rn )T s (X). 

Then, S- 2m r s (X) = r n P(X) £ S since S is (r p }-invariant. This implies t s {X) e S 
since S is thick. 

Conversely, a (r 3 ) -invariant subcategory is clearly (r p )-invariant. 

The second part works similarly applying r' lA = S 2 . □ 

Remark 4.8. In particular, there are no proper thick subcategories in case p and 
/ia are coprime. 

Finally, we obtain the following classification. 

Theorem 4.9. LetT be a finite triangulated category which is connected, algebraic 
and standard of type (A, r, t) excluding the cases (D n , r, 2) for n even and (D±, r, 3). 
Put 

(r i/typ(T) = (A,r,l) ! 

P= \ lj f + r if tyvOl = (A 2n+ i,r,2),(D n ,r,2) with n odd or {E 6 ,r,2), 
{^ + r i/typ(7-) = (A 2n ,r,oo), 

and s = gcd(/iA)P)' Then, there is a bijective correspondence between 

• the thick subcategories of T , and 

• the noncrossing partitions w associated to A satisfying 

w = cox(A) s u;cox(A)~ s . 

Proof. Let T be as above. T is triangle equivalent to T> b (mod(kA)) / (<j)T r ) where 
4> and t are induced by the respective weakly admissible groups of automorphisms 
of ZA. 

By Theorem 14.41 the thick subcategories of T are in bijective correspondence to 
the thick (</>T r )-invariant subcategories of 2? b (mod(fcA)). 

Using Proposition 14.61 a thick subcategory of 2? b (mod(fcA)) is (0T r )-invariant if 
and only if it is (r p )-invariant. 

By Proposition 14.71 Theorem 14.11 Theorem 13.41 and Proposition 14.51 the thick 
(r p )-invariant subcategories of 2? b (mod(fcA)) are in correspondence to the elements 
of NC^ which are invariant under s-fold conjugation by the Coxeter element. □ 

Remark 4.10. The cases (D n ,r, 2) for n even and {D±,r, 3) are excluded in this 
general theorem since in these cases it is not possible to express the automorphism 
of order 2 or 3 in terms of r and S. We consider these cases separately in 
Proposition 16 . 71 and Proposition ^. 121 

5. The A„-case 

In the following, we describe the noncrossing partitions of type A n which are 
invariant under s-fold conjugation by the Coxeter element. The following interpre- 
tation of NC^ [24] is helpful. In this section we fix a linearly oriented quiver A n . 

1 2 s n-1 =- n 

The classification of thick subcategories does not depend on this choice. 
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Let Ii A (n) be the poset of intersection subspaces of the hyperplanes of the root 
system of type j4„_i. Let V be the subspace of K™ for which the coordinates sum 
to 0. The root system of type A n _i is given by the integer vectors of V of length 
y/2. Choose as simple roots 014 = — e^+i for 1 < i < n — 1. Then, the hyperplane 
arrangement is given by 

{xi = Xj | 1 < i < j < n}. 

Thus, we can consider the elements of II (n) as partitions w of the set [n] :— 
{1, . . . , n} into disjoint blocks. 

Now, we place the numbers 1,2, ...,n clockwise around a circle in order (n 
adjacent to 1) and we draw a chord of the circle between i and j if they are in the 
same block of w and no other elements strictly between them when going clockwise 
from i to j around the circle are also in this block. Then, NC j4 (n) consists of the 
elements of H A (n) in which all these chords may be drawn without crossing each 
other. This corresponds to the original noncrossing partition lattice introduced by 
Kreweras [2Tj . 

In order to understand that NC A (n + 1) is the same as the poset NCj- of 

noncrosssing partitions associated to A n defined in section [21 we have to study 
the Coxeter group of A n . Identify the simple reflection Si with the transposition 
(i, i + 1) for 1 < i < n in the symmetric group <S n +i. This yields an isomorphism 
between the Coxeter group associated to A n and 

Theorem 5.1 (Brady 0). There is a bijection /: NC ^ -> NC A (n + 1). Write 
w € NC^f C <S,i+i as a product of disjoint cycles. Then, f(w) is the disjoint union 
of blocks formed by these cycles. □ 

So what does conjugation by the Coxeter element mean for the elements in 
NC A (n)? 

Proposition 5.2. Let T be a finite triangulated category which is connected, al- 
gebraic and standard of type (A n ,r,t). Again let s = gcd(/i J 4 7i ,p) where p depends 
on the type as discussed in Theorem \4.9\ Then, there is a bijective correspondence 
between 

• the thick subcategories of T, and 

• the elements o/NC^(n + 1) invariant under a clockwise rotation by s^j. 
Proof. The Coxeter element is of the form 

cox( J 4 n ) = si...s n = (1,2)... (n,n + l) = (1,2,3, ...,» + 1). 

We can write an element of NC^- C <S„+i as a product of disjoint cycles. It is 
sufficient to observe the conjugation by the Coxeter element of one of these cycles, 

(1,2, ... ,n + l)(p 1 ,p 2 , ... ,p k )(n + l,n, ...,2,1) 

= ([pi + l],...,[Pfe + l]), 

where \pj + 1] = (pj + 1) mod(n + 1) if Pj + 1 ^ n + 1 and [pj + 1] = n + 1 otherwise, 
and we see that this is just the clockwise rotation. □ 

Remark 5.3. T. Araya [2] also observes this phenomenon concerning rotation of 
'non-crossing spanning trees' which are in correspondence to exceptional sequences 
of V b (mod(kA n )). 

This combinatorial description enables us to determine the number of thick sub- 
categories. There is a quite obvious bijection between the elements of NC A (n + 1) 
invariant under rotation by t-^rr with t a non-trivial divisor of n + 1 and the 
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noncrossing ^-partitions. Analogously to the ^-partitions, these are defined as 
follows [21]. 

Ii B (n) is the poset of partitions w of [±n] := {1, 2, . . . ,n, — 1, —2, . . . , — n} into 
blocks with the property that for any block B of w, its negative —B is also a block 
of io, and there is at most one block (called the zero block, if present) containing 
both i and — i for some i. Place the numbers 

1,2,.. .,n,-l,-2,. 

clockwise around a circle in this order and draw as for a ^-partitions chords of the 
circle according to the blocks of a partition. Then, NC (n) is the subset of Tl B (n) 
for which all these chords may be drawn without crossing each other. 

Proposition 5.4 (Reiner |24) ) . Let s, n + 1 > 2 be integers with s a non-trivial 
divisor of n + 1. Then, the subset of elements of NC in + 1) invariant under 
rotation by s^rj is isomorphic to NC (s). □ 

Proposition 5.5 (Reiner [2J])« ?7ie number of elements in NC s (s) equals ( 2 s s ) . □ 

Proposition 5.6. Let T be a finite triangulated category which is connected, alge- 
braic and standard of type (A n ,r,t). Let s — gcd(hji n ,p], where p = r, p = r-\-^4r- 
or p = r + "2" depending on the torsion order (see Theorem \4-9ty . There is x £ N 
with Ha„ — xs. 

The number of thick subcategories ofT equals ( s ) if x > 1 and the s-th Catalan 
number C s otherwise. 

Proof. Let x > 1. The number of thick subcategories of T equals the number of 
elements of NC A (n + 1) invariant under rotation by and this equals ( 2 s s ). 

Let x = 1, i.e. h& = s. Hence, the number of thick subcategories equals the 
number of elements of NC yl (n + 1) invariant under rotation by 2ir. All elements 
of NC A (n + 1) are invariant under rotation by 2ir and the number of elements of 
NC A (n + 1) equals C s = jtj( 2 s s ) as Kreweras [3T] shows. □ 

We prove the formula on the number of elements independently, since this proof 
contains an algorithm for the construction of the elements of NC A (n + 1) invariant 
under rotation by s^pj. 

Lemma 5.7. Let h = xs with x, s € N and x > 1. Then, there is a surjective map 

F: {elements of NC (h) invariant under rotation by ( s ~^~)} ~^ NC (s). 

Moreover, for each w € NC" 4 (s) there are exactly s + l elements in the preimage of 
w under F . Hence, the number of elements o/NC (h) invariant under rotation by 
s 2£ equals (s + l)C s = ( 2 s s ). 

Proof. The map F is given as follows. Let w = u>iU . . . Uuv be an invariant 
noncrossing partition of {l,...,h}. Then, F(w) = F(wi) U ... U F(w r ) with 
F(wi) = F({p 1 ,...,p m }) = {[pi], . . . , [p m ]} where \pj] = p., mods if s \ p 3 and 
[pj] = s otherwise. 

To a partition in NC' 4 (s) we construct all partitions in its preimage. This con- 
struction requires an involution a on NC (n) which is due to Simion and Ullman 
[27]. The map a: NC A (n) -> NC A (n) is defined as follows. Let w £ NC A (n). Draw 
primed numbers 1', . . . , n' clockwise around a circle so that the primed numbers in- 
terlace the unprimcd numbers 1, . . . , n. Then, a(w) is the unique maximal partition 
of {1', . . . , n'} such that wUa(w) is a noncrossing partition of {1, 1', 2, 2', . . . , n, n'}. 
Forgetting the primes, we obtain an element a(w) £ NC A (n). 
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Now let w 6 NC" 4 (s). We list all s + 1 partitions in the preimage of w. In partic- 
ular, this provides a method to construct all -invariant noncrossing partitions 
of {1, . . . , h} from the noncrossing partitions of {1, . . . , s}. 

Let w = wiU . . . Uw r be a noncrossing partition of {1, . . . , s}. A block uii of w 
corresponds in the preimage 

• either to a big block of cardinality x\wi\ 

• or to x disjoint blocks of cardinality |u>{|. 

Otherwise the partition in the preimage would be crossing or not invariant. 

To each block to, of w we define a partition in the preimage which contains 
a big block of cardinality x|wi|. All other blocks of this partition are uniquely 
determined by this. Otherwise the partition would be crossing. This construction 
yields r partitions in the preimage. 

Next we define to each block of a(w) a partition in the preimage of w. Let v 
be a partition in the preimage of a(w) under F containing a big block. There is a 
partition u € NG A (h) with v — a(u). Thus, 

F(u) = F(a(v)) = a(F(vj) = a(a(w)) = w, 

and u does not contain a big block since otherwise a(u)Uu would be crossing. 
Therefore, u is different from the partitions defined in the first step. Moreover, the 
constructed partitions to different blocks of a(w) are different since the assignment 
a is bijective. Simion/Ullman show that a(w) has s — r + 1 blocks and hence, we 
obtain s — r + 1 further partitions in the preimage. 

Altogether, we have defined r + s — r + 1 = s + 1 partitions in the preimage. 

It remains to show that there are no further. Let v £ NC A (/i) be a partition in 
F^ 1 (w). If v contains a big block, we have counted v in the first step. If not, v 
contains exactly xr blocks, hence a(v) contains h — (xr) + 1 blocks. Consider a(v). 
If a(v) contains a big block, we have counted v in the second step. If not, a(v) 
contains x(s + 1 — r) blocks. Thus, h — xr + 1 — x(s + 1 — r) and this implies x = 1, 
a contradiction. □ 

Example 5.8. Let s = 2 and h = 3 • 2 = 6. The noncrossing partitions of {1,2} 
are the following black coloured partitions. 

e 6 

2 2 

The elements of NC A (/i) invariant under rotation by s^- are given by the fol- 
lowing partitions. First we construct the preimage of the first partition. 




The grey coloured partitions represent the partitions of the primed numbers as used 
in the proof of Lemma 15.71 
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Example 5.9. Let A the Nakayama algebra with S T\ — ZAs/(r 4 ). Then, Ha 5 = 6 
and s — gcd(4, 6) = 2. 

Hence, we are interested in the noncrossing partitions of {1, . . . , 6} which are in- 
variant under rotation by |7r. They are listed here together with their corresponding 
thick subcategories of mod(A) indicated by their indecomposables arranged in the 
Auslander-Reiten quiver S T\ = TLA^j '(r~ 4 ) . 
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6. The £>„-case 

Thanks to Reiner and Athanasiadis [S], there is a analogue description for the 
noncrossing partitions associated to a graph of type D n . 

In this section we fix a linearly oriented quiver D n with the following numbering. 
Again the derived category and therefore the classification of thick subcategories 
does not depend on this. 
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7? 




1 2 i s~ n - 3 >■ n-2 




77,-1 

Let U D (n) the poset of intersection subspaces of the hyperplanes of the root 
system of type D n , i.e. the integer vectors in V = R n of length y/2. Choose as 
simple roots a, = ei — &%+\ for 1 < i < n and a n — e„_i + e n . Then, the 
hyperplane arrangement is given by 

{Xi = ±Xj | 1 < i < j < n}. 

Thus, we can consider the elements of Il D (n) as partitions w of the set [in] = 
{1, 2, . . . , 77,, —1, —2, . . . , — n, } into blocks such that 

• if B is a block, then also — B is a block, 

• there is at most one zero block, i.e. a block containing both i and —i, 

• the zero block, if present, does not consist of a single pair {i, — i}. 

We call those elements D n -partitions. 

Now label the vertices of a regular (2n — 2)-gon as 

l,...,n- 1,-1,..., -(n- 1) 

clockwise and label its centroid by tt, and —n. Given a _D„-partition w and a block 
B of w, let c(B) denote the convex hull of the set of points labeled with the elements 
of B. Two distinct blocks B and B' of w are said to cross if c(B) and c(B') do not 
coincide and one of them contains a point of the other in its relative interior. 

The poset NC D (n) is defined as the D n -partitions w with the property that no 
two blocks of w cross. 

In order to make the visualisation of the D n -partitions well-defined, we addi- 
tionally label the convex hull of a non-zero block containing n or — n by + or — , 
respectively. 

The Coxeter group associated to D n looks as follows. Denote by <S 2 n the sym- 
metric group on [in]. For i ^ —j we write — —j). By identifying 
the simple reflections Sj in Wg with ( (i , i + 1 ) ) for i < n and s n with ((— (n— 1) , n)) , 
we get that the Coxeter group Wg is isomorphic to the subgroup of S2n generated 
by the reflections for i ^ —j. 

For a cycle c = (ii, . . . , ik) in £2™ denote by c the cycle (— ix, ■ ■ ■ , — ife). We call cc 
a paired cycle if c and c are disjoint whereas a cycle c = c = (ii, . . . , ifc, — ii, . . . , — ik) 
is called a balanced cycle. 

One can show that each element of Wg is a product of disjoint paired and 
balanced cycles. 

Theorem 6.1 (Athanasiadis/Reiner [5])- There is a bijection 

/: NCg n ^NC D (n). 

For w £ NC^ , f(w) is the partition of [in] 

• whose nonzero blocks are formed by the paired cycles of w and 

• whose zero block is the union of the elements of all balanced cycles of w if 
such exist. 

The inverse g : NC D (n) -+ NCjg maps a partition w to the product of disjoint 
cycles g(w) 
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• whose paired cycles are formed by the nonzero blocks of w, each ordered 
with respect to the order — 1, —2, . . . , —n, 1,2, ... ,n and 

• whose balanced cycles are (n, —n) and the cycle formed by the entries of 
the zero block of w other than n and —n ordered as above, if the zero block 
exist. □ 

What does conjugation by the Coxeter element mean for elements of NC D (n)7 

Definition 6.2. Let w € NC I) (n) be the visualisation of a D^-partition. Denote 
by p: NC D (n) -> NC D (n) the rotation of w by ^ and denote by a: NC D (n) -> 

NC D (n) the following operation: If w <E NC £> (n) contains a non-zero block con- 
taining n or —n, the visualisation of this block is labeled by a sign + or — . Then, 
a changes this sign. On blocks not containing n or — n or on zero-blocks a acts like 
the identity. 

Lemma 6.3. Let w € NC^ and let f(w) be the corresponding element in NC D (n). 
Then, 

/(cox( J D n )u;co X ( J D„)- 1 ) - (ap)(f(w)). 

Proof. A Coxeter element is given by 

cox(D„) =8i... s n = (1, 2, . . . ,n - 1, -1, . . . , -(n - l))(n, -n). 

f(w) is a disjoint union of blocks corresponding to a disjoint product w of cycles 
in S2n- Thus, it is sufficient to consider the blocks separately. 

If n is not contained in the block, conjugation by the Coxeter element of the 
corresponding cycle yields as in the A n -case a rotation by 2 (n-i) = n^I' 

If n is contained in a non-zero block, this block corresponds to one part (i\, . . . ,1%) 
of a paired cycle with i^ — n and one can easily check that 

cox(Ai)(ii, • • • ,h) cox(i3 n ) _1 

is given by the 'rotated cycle' in which additionally n is replaced by —n. 

If we have a zero-block, this corresponds to the balanced cycles (n, —n) and the 
cycle formed by the entries of the zero block other than n and —n. The latter 
conjugated by the Coxeter element is again given by the 'rotated cycle' and 

cox(_D„)(n, — n) cox(_D„) _1 = (n, — n). 

Hence, we get the 'rotated zero-block'. □ 

Proposition 6.4. Let T be a finite triangulated category which is connected, alge- 
braic and standard of type (D n ,r,t) excepting (D n ,r,2) for n even and (i?4,r, 3). 
Let s — gcd(/iD„ , r) or s — gcd(/iD„,?~ + Af-) depending on t (see Theorem 
Then, there is a bijective correspondence between 

• the thick subcategories of T , and 

• the elements o/NC fl (u) invariant under (o~p) s . 

Note that a s = id if s is even and o~ s = a if s is odd, and that p and a commute. 
Proof. Apply Theorem 14.91 and Lemma 16.31 □ 

Example 6.5. Let A be a self-injective representation-finite algebra with typ(A) = 
(^5,2,2), i.e. its stable Auslander-Reiten quiver is of the form ZD$/ (cf)T 14 ) or 
typf mod (A)) = (D s ,14,2). We have s = gcd(8, 14 + §) = 2 and hence, apply- 
ing Proposition 16.41 we look for the p 2 -invariant elements of NC £> (5). Here p 2 is a 
rotation by ^ . The invariance works for instance for the first two of the following 
partitions, but not for the third. 
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-1 

{1}U{-1}U 
{3}U{-3}U 
{2,4,5, -2, - 



-5} 




{1,2}U{-1 
{3,4}U{-3 
{5}U{-5} 



{1,2, -5}U{-1,-2,5}U 
{3,4}U{-3, -4} 



The corresponding thick subcategories in the first two cases are the following 
thick subcategories. 



Since we cannot express <f> in terms of S and t if n is even, we have to study 
this case separately. The following lemma and the following proposition work for 
arbitrary n but we only have to use it for even n. 

Lemma 6.6. Let S be a thick subcategory of TJ b (mod(kD n )). Let 

cox: {thick subcategories of T> b (mod(kD n ))} — > NC D (n). 

Let <f) be the automorphism of T> b (mod(kD n )) induced by the automorphism tf> of 
order 2 of 1D n defined in section Then, 

cox(0(<S)) = <t(cox(5)). 

Proof. Recall that 4>: ZD n — > ZD n exchanges (i,n — 1) and (i, n) Mi € Z and fixes 
the other vertices. According to Riedtmann [26] we call the vertices (i, n — 1) and 
(i, n) for i € Z high vertices and the others low vertices. Accordingly, we will call 
the indecomposable elements of TJ b (mod(kD n )) high or low. <fi induces an automor- 
phism of T> b (mod(fcZ? n )) and hence on mod(fcZ? n ). Determine the Auslander-Reiten 
quiver of mod(fcI? n ) with respect to the above orientation of D n and see that <f> maps 
the indecomposable high representation E™z] of D n represented by the dimension 
vector e n _i + e„_2 + • • • + &n-t to the high representation E£_ f representated by 
e n + e„_2 + • • • + e-n-t an d vice versa. The low representations are fixed. 
We have 



S n S n -2 ■ 



■ ■ s n-t ■ ■ ■ s n _ 2 s„ 1 = ((-(n - t), n)) 



and 



Sn-\S n -2 ■ 



■ S n -t ■ 



, n-2°n-l 



((n-t,n)). 



Now let S be a thick subcategory and let w be the corresponding D„-partition. 
Again we consider w block by block. 

A pair of non-zero blocks {i\, . . . , i\ 1 . . . , —ik} corresponds to a paired 

cycle (ii, . . . , ik){— ■ • ■ , —ik)- This is a product of reflections 

«2))((«2, is)) • • • ((ifc-i, ifc)) = s El ... s Bh _,. 

corresponding to an exceptional sequence E\, . . . , E^-i in mod(fc_D„). 

If n and — n are not contained in the paired cycle, then none of E%, . . . , Ek-i are 
high representations and hence applying <j) does not change w. If n is contained, 
we have the product of reflections 



(ii,...,n)(-ii 



-n) = ((«i,i 2 )) • • • ((ifc_i,n)) 
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corresponding to an exceptional sequence E^, . . . ,Ei k _ 1 — E™~ . A considera- 
tion of the morphisms in k(ZD n ) as in [35] shows that the sequence ^{E^) = 
E^,..., ^(E 1 ™"!) = E£ is exceptional. Hence, 

s^Ei) ■■.s^ Eik _ 1 ) = ((h,i2))--.((-ik-i,n)) = (i 1) ...,-n)(-i 1 ,...,n). 

Finally, consider a zero-block represented by 

(ii, . . . ,ik, — h, ■ ■ ■ , -ik){n, -n) = • • • ((ik-i,ik)){{ik,n))((ik, -n)) 

Applying 4> to the exceptional sequence, yields the same term since ((£/., n)) and 
((ifc, —n)) commute. □ 

Proposition 6.7. Let T be a finite triangulated category which is connected, al- 
gebraic and standard of type (D n ,r,2). Let s — rmod/i^. There is a bijective 
correspondence between 

• the thick subcategories of T , and 

• the elements o/NC D (n) invariant under a s+1 p s . 

Proof. Use the second part of Proposition 14.71 for the reduction to s — r mod hu n . 
Then, apply Lemma 16.31 and Lemma 16.61 □ 

The combinatorial description enables us again to determine the number of thick 
subcategories. We only proof the formulas in case typ(T) = (D n) r, 1). The other 
cases work similarly. 

Note that the proof again implies a description of the relevant elements. 

Proposition 6.8. Let T be a finite triangulated category which is connected, alge- 
braic and standard of type (D n ,r, 1). Let s — gcd(/i£> n = 2n — 2, r). 

If s ^ {2n — 2,n — 1}, the number of thick subcategories equals ( 2p ) where p = 
gcd(n — 1, s). 

If s = 2n — 2 or if s = n — 1 with n even, the number of thick subcategories of T 
equals Cat(A0-( 2 :)-( 2 "-Ti 2 )- 

If s = n- 1 with n odd, the number equals Cat(Z3„_i) = ( 2( ™J 1 1) ) - (^n-?) ■ 

Proof. Denote by NC± (n) the elements of NC D (n) with a non-zero block containing 
n or — n. 

Assume s £ {2n — 2,n — 1}. The elements of NC^(n) are not (crp) s -invariant: 
Let w e NC±(n) and let B be a block of w with n e B. Then C := {crp) s (B) 
is a block containing n or — n which is neither B itself nor — B = ap n ^ 1 (B). If 
the partition was (crp) s -invariant, C would be a block of w, but this is not possible 
since C and B or — B are neither equal nor disjoint. 

Hence, we have a correspondence between 

• the thick subcategories of T, and 

• the elements of NC fl (n) \ NC^(n) invariant under rotation by s^j. 

Let p = gcd(n — 1, s). Since each element of NC £, (n) \ NC^(n) is invariant under 
rotation by (n — we can add a correspondence to 

• the elements of NC' D (n) \ NC£(n) invariant under rotation by P^zj. 
These elements, in turn, are canonically in correspondence to 

• the elements of NC A (2n — 2) invariant under rotation by P^zj- 

For this purpose, just forget the centroid. Note that a zero-block containing only a 
single pair i and — i — which is not allowed for NC D (n) — does not appear since 
p =/= n — 1 by assumption. 
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Since p is a non-trivial divisor of 2n — 2, by Proposition 15.41 the above elements 
correspond to 
• NC B (p) 

and the number of elements in that is equal to ( ^) . 

Next, assume s = 2n — 2. Then, the number of thick subcategories equals the 
number of elements in NC D (n) invariant under rotation by 2tt, these are all, and 
by [5] their number equals the type D Catalan number Cat(Z?„) stated above. 

If s = n — 1 where n is even, we have to count the elements of NC £) (n) invariant 
under o~p n ~ l , this is again all of NC D (n) by definition. 



Finally, let s 



1 and let n be odd. We look for the (cp) n 



P" 



invariant elements of NC (n). These are the elements NC (n) \ NC ± (n). As 
above we compare this with the elements of NC j4 (2n — 2) which are invariant under 
rotation by (n — l)^zj = 71 ■ But this time, this set, which consists of (^"Ji^) 
elements, is too big. We have to ignore the elements which would correspond to 
a single pair {i, —i} in NC D (n). With the help of Lemma \5. 71 we can count these 
elements. Recall the surjective map 

F: {elements of NC A (2n - 2) inv. under rotation by tt} ->■ NC A (n - 1). 

Let w be a partition of NC A (2n — 2) which we want to ignore, i.e. w contains 
exactly one block of the form {i,i + (n — 1)} where 1 < i < n — 1. Then, F(w) 
contains a singleton {i}, and F(w) \ {i} can be understood as an arbitrary element 
of NC A (n - 1). Hence, the preimage of F(w) consists of C„_ 2 = C^n-P) 
elements. There are n — 1 possibilities to place the 'forbidden' block in w and thus, 
we subtract (n - lfeftf) = Ct?)- □ 

Proposition 6.9. Let T be a finite triangulated category which is connected, alge- 
braic and standard of type [D n , r, 2) with n odd. Let s = gcd(2n — 2, r + (n — 1)). 

If s (Jl {2n — 2, n — 1}, the number of thick subcategories equals ( 2p ) where p = 
gcd(n — 1, s). 

If s = 2n — 2, the number equals Cat(D„). // s = n — 1, the number equals 
Cat(D n _i). □ 

Proposition 6.10. Let T be a finite triangulated category which is connected, 
algebraic and standard of type (D n ,r,2) with n even. Let s = rmod(2n — 2). 
If s ^ {0, n— 1}, the number of thick subcategories equals ( 2p ) where p = gcd(n — 

1,8). 

If s = or if s = n — 1, the number equals Cat(Z? n _i). □ 

Example 6.11. Back to the previous example of a self-injective algebra A with 
typ(mod(A)) = (D 5 , 14, 2). We have s = gcd(8, 18) = 2 and p = gcd(4, 2) = 2. The 
= 6 elements of NC £) (5) invariant under rotation by ? 




-2 

-1 




• V -3f • A3 -3« • >3 
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correspond to the elements of NC j4 (8) invariant under this rotation. These, in turn, 
can be constructed by the elements of NC j4 (2). 

Finally, the case of a category of type (Z?4,r, 3) is missing. Easy observations 
allow to classify the thick subcategories in this case by hand. 

Proposition 6.12. Let T be a finite triangulated category which is connected al- 
gebraic and standard of type (£>4,r, 3). 
Put s = r mod 3, hence s € {0, 1, 2}. 

If s = 0, the only proper thick subcategories of T are in correspondence to the 
following thick subcategories of T> b (mod(kD^)) . 

- o$oo$oo$oo - 

- 0000000000 - 

In case s = 1 and s = 2 there are no proper thick subcategories. 

Proof. Let (f> be the automorphism of order 3 described in Theorem 12.51 Since 
S = t 3 , we have that a thick subcategory of 2? & (mod(fcZ?4)) is (0T r )-invariant if 
and only if it is (</>r s ) -invariant. 

In case s = 0, adding further indecomposables to the described proper thick 
subcategories would yield the whole category because of thickness. 

The same argument shows that in case s = 1 and s = 2 there are no proper thick 
subcategories. □ 

7. Overview 

Let T be a finite triangulated category which is connected, algebraic and stan- 
dard of type (A, r, t). The following table gives an overview of the correspondences 
to the thick subcategories of T and of the number of thick subcategories of T ■ 
Moreover, you can see where to find the respective information within this paper. 
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type 


classifying partitions 


alternative description 


number of 
partitions 


(A„,r,l) 


w 6 NC^j with 

id = cox(A 7I ) s «; cox(A n ) — s , 

s = gcd(n + 1, r), 
see Theorem 14.91 


elements of NC A {n + 1) 
invariant under rotation 
by 

s = gcd(n + 1, r), 
see Proposition 15.21 


Cs if s = n + 1; 
( 2 S S ) ^se; 

Proposition 15.61 


(A n ,r,2) 
n > 3 odd 


w £ NC^ with 

w = cox(A„) s «> cox(A„) -3 , 

s = gcd(n + 1, 2±1 + r), 
see Theorem 14.91 


elements of NC A {n+ 1) 
invariant under rotation 

by «-%•, 

a = gcd(n + 1, 2±1 + r ), 
sec Proposition 15.21 


C s if s = n + 1; 
( 2 S S ) ^se; 

Proposition 15.61 


(A„,r, oo) 
n even 


lu 6 NCj- with 

w) = cox(A n ) s w cox(A n ) _s , 

s = gcd(n + 1, 2 + r), 
see Theorem 14.91 


elements of NC A (n+ 1) 
invariant under rotation 
by S-^r, 

s = gcd(n + 1, 2 + r), 
see Proposition [5~2] 


C 3 if s = n + 1 ; 
( 2 S S ) ^se; 

Proposition 15.61 


(•Dn,r,l) 


if 6 NC r? with 

w = cox(D n ) s w cox(D n )~ s , 

s = gcd(2n — 2, r), 

see Theorem 11.91 


elements of NC V (n) 
invariant under (crp) s 
s = gcd(2n — 2, r), 

see Proposition 16.41 


Gat(£)„) 

if s = 2n - 2 

or s = n - 1 odd; 

Cat(D„_i) 

if s = n — 1 even; 

( 2p ) else where 

p = gcd(n — 1, s); 

Proposition 16.81 


Pn,r,2) 
n odd 


iw 6 NC^ with 

w = cox(D n ) s w cox(D n ) _s , 

s = gcd(2n-2, ^f^+r), 

see Theorem 14.91 


elements of NC" (n) 

invariant under (crp)" 

s = gcd(2n - 2, ^1 + r ) ) 

see Proposition 16. 11 


Cat(D„) 

if s = 2n - 2; 

Cat(£)„_i) 

if s = n — 1; 

( 2 ^) else where 

P — gcd(?i — 1, s); 

Proposition 16.91 


(D»,r,2) 
n even 




elements of NC w (n) 
invariant under cr s + 1 p s , 
s = r mod(2n — 2), 

see Proposition^. 71 


Cat(D„_i) 

if s = 

or s = n — 1; 

( 2p ) else where 

p = gcd(n — 1, s); 

Proposition 16.101 


(D 4 ,r,3) 




s = r mod 3, 
s = 0: six distinguished 
proper thick subcategories, 
a = 1, 2: no proper ones, 
see ProDosition|6.12| 


8 
2 


(Sn.r.l) 
n = 6, 7,8 


it) 6 NC^ with 

w = cox(E n ) s w cox(E n )~ s , 

s = gcd(hg n ,r), 

see Theorem 14.91 






(E 6 ,r,2) 


iiieNCfl with 

4. - 
10 = CQx(i?6) s itf cox(i?6) -s , 

a = gcd(12,r + 6), 

see Theorem 11. 91 







8. Application to cluster categories 
Theorem 14.41 applies to cluster categories. 
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Let A be a Dynkin quiver of type A, D or E. The cluster category C(kA) 
associated to A is by definition [IU] the orbit category 

C = C(kA) = X> fc (mod(fcA))/T- 1 o S. 

By Theorem l4.31 the cluster category is triangulated. Hence, we ask for the thick 
subcategories. 

Theorem 8.1. The cluster category C(kA) admits no proper thick subcategories. 

Proof. A thick subcategory S of 2? b (mod(fcA)) is invariant under r _1 o S if and only 
if it is invariant under r _1 . But then, an indecomposable non-zero object X G S 
and its r-translates generate the whole category T> b (mod(kA)). □ 

Remark 8.2. The same result holds for the generalised cluster category [19 

C m {kA) = V b {mod(k A)) fr' 1 o S m 

where m€Z. 

Acknowledgements 

I have created important parts of this paper during my research stay in Paris 
with Bernhard Keller in spring 2010. I sincerely thank him for giving me this 
opportunity, and for his very profitable assistance during this time. 

Many thanks to my advisor Henning Krause for his support, for helpful discus- 
sions and for coming up with the interesting topic. 

I am also grateful to Hideto Asashiba and to Jan Stovicek for reading this paper 
in advance and for useful discussions. 

References 

[1] Claire Amiot. On the structure of triangulated categories with finitely many indecomposables. 

Bull. Soc. Math. France, 135(3) :435-474, 2007. 
[2] Tokuji Araya. Exceptional sequences over path algebras of type A n and non-crossing spanning 

trees. arXiv:math.RT/0904.2831vl, 2009. 
[3] Hideto Asashiba. The derived equivalence classification of representation-finite sclfinjcctivc 

algebras. J. Algebra, 214(1):182-221, 1999. 
[4] Ibrahim Assem, Daniel Simson, and Andrzej Skowrohski. Elements of the representation 

theory of associative algebras. Vol. 1, volume 65 of London Mathematical Society Student 

Texts. Cambridge University Press, Cambridge, 2006. Techniques of representation theory. 
[5] Christos A. Athanasiadis and Victor Reiner. Noncrossing partitions for the group D n . SIAM 

J. Discrete Math., 18(2):397-417 (electronic), 2004. 
[6] D. J. Benson, Jon F. Carlson, and Jeremy Rickard. Thick subcategories of the stable module 

category. Fund. Math., 153(l):59-80, 1997. 
[7] Jerzy Bialkowski and Andrzej Skowroflski. Calabi-Yau stable module categories of finite type. 

Colloq. Math., 109(2):257-269, 2007. 
[8] Thomas Brady. A partial order on the symmetric group and new K(tt, l)'s for the braid 

groups. Adv. Math., 161(l):20-40, 2001. 
[9] Kristian Briining. Thick subcategories of the derived category of a hereditary algebra. Ho- 
mology, Homotopy Appl, 9(2):165-176, 2007. 
[10] Aslak Bakke Buan, Robert Marsh, Markus Reineke, Idun Reiten, and Gordana Todorov. 

Tilting theory and cluster combinatorics. Adv. Math., 204(2):572-618, 2006. 
[11] Claude Cibils and Eduardo N. Marcos. Skew category, Galois covering and smash product of 

a fe-category. Proc. Amer. Math. Soc, 134(l):39-50 (electronic), 2006. 
[12] N. Dichev. Thick subcategories for quiver representations. Diss., University of Paderborn, 

2009. 

[13] Ernst Dieterich. The Auslander-Reiten quiver of an isolated singularity. In Singularities, 
representation of algebras, and vector bundles (Lambrecht, 1985), volume 1273 of Lecture 
Notes in Math., pages 244-264. Springer, Berlin, 1987. 

[14] Peter Gabriel. Auslander-Reiten sequences and representation-finite algebras. In Representa- 
tion theory, I (Proc. Workshop, Carleton Univ., Ottawa, Ont., 1979), volume 831 of Lecture 
Notes in Math., pages 1-71. Springer, Berlin, 1980. 



24 CLAUDIA KOHLER 

[15] Dieter Happel. Triangulated categories in the representation theory of finite- dimensional alge- 
bras, volume 119 of London Mathematical Society Lecture Note Series. Cambridge University 
Press, Cambridge, 1988. 

[16] Michael J. Hopkins. Global methods in homotopy theory. In Homotopy theory (Durham, 
1985), volume 117 of London Math. Soc. Lecture Note Ser., pages 73-96. Cambridge Univ. 
Press, Cambridge, 1987. 

[17] Michael J. Hopkins and Jeffrey H. Smith. Nilpotence and stable homotopy theory. II. Ann. 
of Math. (2), 148(l):l-49, 1998. 

[18] Colin Ingalls and Hugh Thomas. Noncrossing partitions and representations of quivers. Com- 
pos. Math., 145(6):1533-1562, 2009. 

[19] Bcrnhard Keller. On triangulated orbit categories. Doc. Math., 10:551-581, 2005. 

[20] Bcrnhard Keller. On differential graded categories. In International Congress of Mathemati- 
cians. Vol. II, pages 151-190. Eur. Math. Soc, Zurich, 2006. 

[21] G. Kreweras. Sur les partitions non croisees d'un cycle. Discrete Math., l(4):333-350, 1972. 

[22] Amnon Neeman. The chromatic tower for D(R). Topology, 31(3):519-532, 1992. With an 
appendix by Marcel Bokstedt. 

[23] Daniel Quillen. Higher algebraic A"-theory. I. In Algebraic K-theory, I: Higher K -theories 
(Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pages 85-147. Lecture Notes 
in Math., Vol. 341. Springer, Berlin, 1973. 

[24] Victor Reiner. Non-crossing partitions for classical reflection groups. Discrete Math., 177(1- 
3): 195-222, 1997. 

[25] C. Ricdtmann. Algcbren, Darstellungskocher, Ubcrlagcrungen und zuriick. Comment. Math. 

Helv., 55(2):199-224, 1980. 
[26] Christine Ricdtmann. On stable blocks of Auslander-algebras. Trans. Amer. Math. Soc, 

283(2) :485-505, 1984. 

[27] Rodica Simion and Daniel Ullman. On the structure of the lattice of noncrossing partitions. 

Discrete Math., 98(3):193-206, 1991. 
[28] Jie Xiao and Bin Zhu. Locally finite triangulated categories. J. Algebra, 290(2) :473-490, 2005. 

University of Paderborn/University of Bielefeld, Germany 
E-mail address: claudia.koehler@math.upb.de 



